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ABSTRACT

The Kerr-Newman solution to the Einstein field equations has a flat region spanning the ring
singularity in the solution; which, unlike the Kerr solution, is not a disk. The nature of this

region and its relation to the singularity are the subjects of this paper.



The metric for the charged Kerr solution, known as the Kerr—Newman solution, in Kerr-Schild

coordinates is
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(1)
where £, is the null vector field
k,dx* = dt + - dz + (xdx + ydy) + (xdy ydx).
(2)
The variable r is given implicitly by
X2 +y2 72
X 4y? oz
r24+a? r?
3)

In Eq. (3), surfaces of constant » are confocal ellipsoids of revolution about the z-axis.
Asymptotically, in Minkowski coordinates, 7 is the distance from the origin.

Define p := (x> + »*)"2. A ring singularity is located at p = a and z = 0. For the Kerr metric,
this ring singularity bounds a surface having the character of a quadratic branch point in the
complex plane; that is, if one passes through the surface from above (entering a region where,
in Boyer-Lindquist coordinates, the coordinate labeling the oblate spheroidal surfaces of
constant 7 is negative) and were to loop around the ring singularity to again pass through the
surface from above, one would return to the original starting space. The Kerr solution in the
negative r region is identical in structure to the positive » part with m being replaced by its

negative. The geometry of Kerr-Newman solution in the region of the singularity is quite

different.



The Kerr-Newman metric in the Kerr-Schild coordinates of Eq. (1) shows that the metric
becomes flat when r = €*/2m. The flat region can then be found by solving Eq. (3), which
determines 7 up to a sign, for » in terms of p. Perhaps the first person to make use of this flat

region, albeit in the context of trying to find a classical model for the electron, was Lopez.!

There are four solutions to Eq. (3) (two of which are imaginary), and the remaining two are

real solutions that will be used here and are given by:

1
r= i—z(\/(—az + p? ++/4a%z% + (a? — p? — 22)2).

4)

To find the flat regions one must impose the constraint that » = €2/2m. Imposing this condition
by replacing r in Eq. (4) with €2/2m and solving the resulting equation for z as a function of p,

again gives four equations. The two real solutions are
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For the parameters a = 1, m = 1, and e = 0.1, the flat region is plotted in Fig. 1(a) and a cross

section is shown in Fig. 1(b).
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Figure 1(a) and (b). The flat region of the Kerr-Newman metric for the parameters a =1, m =1, and e
=0.1. The axes are (z, p). The surface is defined by r = €*/2m and the volume within this surface is
empty and has a Minkowski metric. The flat region is, within the margin of error, bounded by the ring
singularity at p = a = 1. Note the thinness of the flat region. The relationship between the Kerr-
Newman flat region and its null Killing surface will play a role later. For comparison, here is a figure
showing the Kerr null Killing surface for a > m.
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Figure 2. The Kerr null Killing surface for a > m. Here m = 0.98 a.
The ring singularity is at the cusp of the inner part of the surface.



For the parameters, ¢ = 0.1 and a = m = 1, the Kerr-Newman null Killing surface? is shown in

Fig.3.

Figure 3. The Kerr-Newman null Killing surfaces for e=0.1 and a =m = 1. The inner surface
does not terminate at the ring singularity but at a very slightly greater radius. This is not visible
in the figure.

There are two important features of Fig. 3 to note: the first is that a non-zero value of e opens
up the surfaces at the poles allowing passage into the inner null surface, as is the case for the
Kerr metric with a > m; and the second is that the inner surface does not terminate at the ring
singularity, unlike the Kerr metric, but at a very slightly greater radius. This means that the ring
singularity is directly reachable from outside the surfaces. In addition, what cannot easily be

seen in Fig. 3 is that there is a gap at the equator. This is shown in Fig. 4.



Figure 4. An equatorial view of the Kerr-Newman null Killing surfaces for e = 0.1 and
a =m =1 showing the gap barely visible in Fig. 3.

As the value of e increases, the gap in the null surfaces decreases, and when a? + € > m? and
m > a > e the null surface changes its geometry to become a toroid. This is shown in Fig. 5(a)

and (b).
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Figure 5(a) and (b). the Kerr-Newman null Killing surfaces for e=0.9,a =1, and m = 1.02.
The ring singularity is outside the toroidal surface.
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The gap seen in the inner part of the toroid shown in Fig. 5 measures ~0.4. As pointed out
above, the metric becomes that of flat Minkowski space for r = e>/2m. For the values of the

parameters used to plot Fig. 5, e2/2m ~0.4, which is what the gap measures in the figure.

The Kerr-Newman flat region for a = 1, m = 1.02 and e = 0.9, implying that » = 0.397, has an
extremely interesting feature. It is shown below in Fig. 6 along with the ring “singularity” for

p=a=1.

Figure 6. The Kerr-Newman flat region with a cutout showing that fora =1, m = 1.02
and e = 0.9. The ring “singularity” shown in the figure is at p=a =1 and is clearly in
the interior of the flat region.

Both Fig. 5 and Fig. 6 have the same values for the parameters a, m, and e so that Fig. 6 is the

flat region for the Kerr-Newman null Killing surface. The following is cross section of Fig. 6.



Figure 7. A cross section of the flat region shown in Fig. 6. The “singularity” is at
p = 1. Rotating this plot gives the 3-dimensional version shown with a cutout in
Fig. 6.

Figure 5(a) and Fig. 6 can be put together into a composite and this is shown in Fig. 8.
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Figure 8. A cutout composite of Fig. 5(a) and Fig 6. Note that the ring “singularity” is well
within the flat region, which itself is inside the Kerr-Newman null Killing surface.

For these parameters, the term “singularity” for the ring has been put in quotes since it is in the
flat region of the solution. For the Kerr solution, the scalar polynomial Raped R diverges on
the ring singularity so it is a real metric singularity. For the Kerr-Newman solution with the
parameters above, the ring singularity has become a coordinate singularity since, if it were a

real singularity, the space around it could not be flat. And since the “ring singularity” is
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enclosed by the flat region of the Kerr-Newman, were it a real singularity the space around it
would have to become flat at = ¢2/2m. This would appear to be impossible. The implication
is that the mass, charge, and angular momentum associated with the Kerr-Newman solution

cannot be attributed to the coordinate singularity.

What this explicitly shows is that the parameters m, e and a simply characterize the total mass,
charge, and angular momentum associated with the solution. The location of energy in general
relativity is an old problem, which was finally resolved by the realization that gravitational
energy is not localizable. This differs from the Schwarzschild solution in that the Schwarzschild
solution has a non-singular interior solution where one can at least localize the mass, but not
the energy of the field itself. The Kerr-Newman solution, so far as [ know, does not have a non-

singular interior solution.
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